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Abst rac t - -An  n-term Galerkin approximation of the iris scattering problem produces approxi- 
mate reflection and transmission coefficients. A simple proof is presented to show that these coef- 
ficients satisfy the same conservation law as the original continuous problem. This result is true, 
regardless of the chosen basis functions and n. 
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1. INTRODUCTION 
The scattering of an incident mode by an iris in a waveguide is a fundamental problem in mi- 
crowave technology. It has a myriad of device applications, such as tuners and cavity applicators, 
and it has accordingly received considerable study over the last 50 years. The determination of the 
tangential fields in the aperture and the corresponding reflection and transmission coefficients can 
not be obtained in a closed mathematical  form. Consequently, engineers, scientists, and mathe- 
maticians have come up with a number of methods for determining accurate approximations to 
the required physical quantities [1-4]. 
Of all these methods, perhaps the Galerkin method is most often used because of its simplicity. 
Moreover, its convergence properties have been well studied and optimal basis functions have been 
discovered [4]. Recently, Trantanella discovered an interesting and useful property of one and two 
term Galerkin approximations to the iris problem [5]. Regardless of the basis chosen, he proved 
that  the computed reflection and transmission coefficients atisfy the same conservation law as 
the original continuous problem. His argument depended, in part, on explicitly computing the 
coefficients. Because of the algebraic omplexity generated by an n-term Galerkin approximation 
he was not able to extend his proof for n > 2. However, his numerical computations indicated 
that  the result was true. 
Amitay and Galindo considered a similar problem [6]. They used an n-term Galerkin approx- 
imation to approximate the transmission and reflection of an incident mode by a junction where 
Supported by the Air Force Office of Scientific Research under Grant #AFOSR F49620-94-1-0338 and the De- 
partment of Energy under Grant #DF_,-FG02-94ER25196. 
Typeset by ~4A4S-TEX 
4i 
42 G.A .  KRIEGSMANN 
the width of the waveguide discontinuously changes. They showed that the reflection and trans- 
mission coefficients computed from this approximation satisfied the same conservation law as the 
original continuous problem. They also observed that the ability of an approximate method to 
reproduce a conservation law does not guarantee accuracy. 
In this paper, we show that the n-term Galerkin approximation reproduces the conservation 
law for the iris problem. The technique we use is more direct than Amitay and Galindo's and 
far simpler than Trantanella's. It is based on a simple proof that the integral equation for the 
electric field in the aperture contains the exact conservation law. We then show by the same 
argument hat an n-term Galerkin approximation of this equation yields the same conservation 
law. Finally, we note that any quadrature approximation of the integral equation can be viewed 
as a Galerkin approximation and so the result holds for these methods, too. 
2. FORMULATION 
We begin by restricting our attention to an inductive iris. In its aperture, the dimensionless 
electric field e(x) satisfies the integral equation [4] 
kn sin (nTrx) e (x') sin (n~rx') dx' = kl sin(Trx), a < x < 1 - a, (1) 
n=l  
where kn -- v/k 2 - n27r 2, k = 2~fW/Co, f is the microwave frequency, Co is the speed of light, W 
is the width of the waveguide, a = A/W,  x = X /W,  and A and X are the iris height and spatial 
variables, respectively. The aperture occupies the region a < x < 1 - a. 
This equation was obtained by using modal representations on either side of the iris, equating 
the tangential magnetic and electric fields in the aperture, and by assuming that the lowest 
incident mode is exciting the structure. The transmission coefficients are found in this analysis 
to be 
a l -a  
T~ = e(x) sin (nTrx) dx, (2a) 
and the reflection coefficients are found to be related by 
Here bnl is the Kronecker delta function. 
The reflection and transmission coefficients are further constrained by conservation of power 
requirements. These are most often obtained from the modal representation and the partial dif- 
ferential equation formulation of the scattering problem. However, as we shall now demonstrate, 
the integral formulation (1) contains them. To see this, multiply (1) by e*(x), integrate the re- 
sulting expression over the aperture. Then interchanging the order of integration and summation, 
and using (2), we arrive at 
k,, IT,~t 2 = k iT ; ,  (3) 
n=l  
where the * denotes the complex conjugate. 
If M modes propagate in the guide, then kj are real for j -- 1, 2, . . .  M, and the remaining kj 
are purely imaginary. Then taking the real part of (3) gives 
M 
E kn ]Tn] 2 : Re (TI), (a) 
n=1 
where Re denotes the real part of a complex number. Inserting the identity Re(T J  : 1/2{[T1[2 + 
1 - IT1 - 112} into (4), and using (2b) for n > 1, we arrive at 
M k¢ 12 IRji 2} 1. (5) 
3=I 
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This is the mathematical statement for the conservation of power; it is usually deduced from the 
differential formulation of the scattering problem. 
3. THE GALERKIN  METHOD 
The Galerkin approximation is based upon the assumption that e(x) is approximated by 
N 
e (x) = (6) 
where the q0m are a chosen set of test functions. We assume that they are independent and satisfy 
the same conditions as e on the edge of the iris, that is, era(a) = ¢,~(1 - a) = 0. Inserting (6) 
into (2a), yields an approximation for the transmission coefficient 
N 
m=l  
/ .  1- -a  
Iron =/a  ¢,~(x) sin (nrcx) dx. (7b) 
The analogous approximation of the reflection coefficient is given by 
Pn = 3-rz - -  (~nl" (7C)  
The residual error EN, of the Galerkin approximation 
ec N 
EN = ~ kn sin (nTrx) ~ c~mI,~n - kl sin (Tea), 
n=l  rn=l  
a<x<l -a ,  
is obtained by inserting (6) into (1), interchanging the order of summation and integration, and 
subtracting this result from the right-hand side of (1). To obtain an equation to determine 
the c~,~, the EN is forced to be orthogonat to the eL, i.e., 
This yields 
~ I -a j~N(X)¢ I (X ,  ) dx  ~- O, /=1 ,2  . . . .  N. 
E knlt.  c~mlm~ = k l l l l ,  l = 1,2 . . . .  N. (8a) 
n=l  rn=l  
This equation can be cast as a linear system of equations by interchanging the finite and infinite 
sums to obtain finally 
N 
~Gz~ = kllZl, l = ! ,2 , . . .N  (8b) 
m=l 
Gz,~ = ~ k,~ImI ..... . (8c) 
~=1 
VVe do not consider here the solution of the linear system (8b),(8c). Rather, we make the very 
interesting observation described in the introduction. If (8a) is multiplied by a~ and the resulting 
expression is summed over l from 1 to N, then we obtain after interchanging sums and using (Ta), 
oo 
E kn I'Z-nl 2 = klTf. (9a) 
A~It IO-I-C ~=I  
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Thus, the approximate reflection and transmission coefficients generated by the Galerkin method 
satisfy the same conservation law as the the original continuous problem (5), regardless of the 
choice of test functions and the order N of the approximation. 
As a particular example, we consider the special test functions 
= wmAz (z - xm) ,  (lo) 
where xm = a + (m-  1)Ax, m = 1, 2 , . . .  M,  1 - 2a - MAx,  5 is the Dirac delta function, and w m 
are positive weights. With this choice of basis we deduce that (8b) becomes 
N } 
E a,n kns innrxzs innTrxmAxwm = klsinTrxl, 
m=l  kn=l  
l = 1 ,2 , . . .N .  (11) 
If we use a quadrature method (with weights Wm and integration points Xm) to approximate 
the integrals in the continuous problem (1), and use point collocation at the integration points, 
then we arrive at (11) with the ~m replaced by e(xm). Thus, direct numerical solutions of the 
integral equation (1) also produce reflection and transmission coefficients which adhere to the 
conservation law (gb). 
Finally, we note that the same conclusions hold for the capacitive iris problem. The proof 
begins with the analogous integral equation to (1) for the magnetic field in the iris. Then the 
steps following (1) are repeated with minor alterations. 
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